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Abstract     We consider the two-dimensional problem of steady natural convection in a circular cavity 

with quadratic volumetric generation filled with porous material. We use Darcy's law for this cavity 

filled with porous material. The solution is governed by dimensionless parameter Darcy-Rayleigh 

number. The solution is expanded for low Darcy-Rayleigh number as was done by [1] and extended 

to 18 terms by computer. Analysis of these expansions allows the exact computation for arbitrarily 

accuracy up to 50000 figures. Although the range of the radius of convergence is small but Pade 

approximation leads our results to be good even for higher value of the similarity parameter. 

 

Introduction 

 

We consider the two-dimensional problem of steady natural convection in a circular cavity with linear 

volumetric heat flux filled with porous material. We use Darcy's law for this cavity filled with porous 

material. The solution is governed by dimensionless parameter Darcy-Rayleigh number. The solution 

is expanded for low Darcy-Rayleigh number as was done by [1], [2],[3] and extended to 18 terms by 

computer. Analysis of these expansions allows the exact computation for arbitrarily accuracy up to 

50000 figures. Although the range of the radius of convergence is small but Pade approximation leads 

our result to be good even for higher value of the similarity parameter. This investigation is in a 

porous circular cavity driven by heating in the horizontal direction is our interest. We use Darcy's law 

for this cavity filled with porous material. The solution is governed by dimensionless parameter 

Darcy-Rayleigh number. The solution is expanded up to 18 terms by computer in powers of 

Darcy-Rayleigh number. Analysis of these expansions allows the exact computation for arbitrarily 

accuracy up to 50000 figures. Although the range of the radius of convergence is small but Pade 

approximation leads our result to be good even for higher value of the similarity parameter. The 

analysis yields a solution for all values of Rayleigh number from zero to finite value in a continuous 

fashion. The natural convection in a cavities filled with porous medium has received much attention 

because of the theoretical interest of [4], [5], [6], [7] for isothermal surfaces and [8] for isothermal 

inner and sinusoidal outer boundaries. As far as the numerical works for the case of isothermal 

surfaces a parameter study of diameter-ratio effects on the heat transfer coefficient was performed by 

[4] and angle of heating by [8] and other related problem of Natural Convection Non-Darcy effect by 

[9] and finally experimental work of [4]. The question of Hydrodynamic instability induces steady or 

oscillatory flows have been subject of many studies for example [4] and [10]. I hope the present exact 

solution of steady flow will help to answer such question more clearly. We recently have done the 

same present approach of symbolic calculation for laminar flow through heated horizontal pipe [3] 

and similar work done for concentrically spheres [11]. The similar approach was done for rectangular 

cavity by [12] and they found boundary limit solution from their regular perturbation for small 

Darcy-Rayleigh number. 

 

 

 Statement of Problem 

 

The governing equations for porous materials with Darcy’s law can be written in dimensionless form 

as:  
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Where   is the velocity vector,   density, temperature,  viscosity,  pressure J=  is a unit 

vector in the direction of gravity and is defined the internal Rayleigh number. The 

equations (5), (6) have been non-dimensionalzed by scaling length, velocity and temperature using the 

inner radius of cavity as the length scale,  .   Is calculated from uniform heat generation 

 is somehow certain gradient of temperature across the cavity, β the coefficient of 

volumetric expansion of the fluid) and g the acceleration due to gravity. Introducing the stream function 

in order to satisfy Eq. (1), eliminating the pressure from Eq. (2) and writing the resulting equation in 

cylindrical polar coordinates leads to the dimensionless equations as used in [13]. 

 

We consider the two-dimensional problem of steady natural convection Mansour [1]. We introduced 

cylindrical coordinates (r, )   measured from upward vertical.  

 

 

 

 

 

 

       

 

 

 

 

 

                                                        Fig.1 Geometry of the Problem 

 

We mainly follow Mansour’s notation [1]. Then the velocity component U, V, W in the fluid are 

functions of r and  only. The continuity equation can be satisfied by introducing a Stokes stream 

function   for the cross flow The governing equations for porous materials with Darcy’law can be 

written in dimensionless form as: 
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The corresponding boundary conditions expressing the impermeability of the wall, the no-slip 

conditions, and imposed temperature distribution are respectively: 
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is the Rayleigh number. Coordinates are non-dimensional zed by using the radius of 

cavity as the length scale. Here  is imposed temperature difference ( is kinematics viscosity,   

the coefficient of volumetric expansion of the fluid) and g the acceleration due to gravity. 

 

    Series Derivation and Computer Extension 
 

In this work we delegated the mounting algebra to the computer and, for our boundary condition   

(9) one can systematically improve on this approximation).  
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We substitute the expansions (7) into our simplified equations (4) and (5) then equating like powers of   

K Gives for 
0T  the equation: 

   Subject to boundary condition,    It is easy to show that and . Therefore, the basic solution 

is the state of simple conduction. Substituting and equating like powers of  yields this sequence of 

successive linear equations, together with boundary conditions 
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It is possible to introduce the quantity average of temperature defined as:  

 

 

 

 

 
Of course for lack of space we omit showing the calculation further than this order if any reader 

interested to have more calculation please contacts the author.  
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          Analysis of Series and Discussion 
 

     Pade approximants has been used in original forms to enable us to increase the range of 

applicability of the series as has been used in the works of Mansour [2] and Mansour [3]. This method 

does not necessarily require any information about the radius of convergence. The Pade approximants 

provide an approximation that is invariant under an Euler transformation of the independent variables. 

The theory of Pade approximants has been used extensively in Mansour [1]. Briefly stated, the Pade 

approximant is the ratio P ( )/Q ( ) of polynomials P and Q of degree m and n, respectively, that, when 

expanded, agrees with the given series through terms of degree m+n, and normalized by P (Q) =1. 

Such rational fractions are known to have remarkable properties of analytic continuation. The 

coefficients of the power series must be known to degree m+n. By equating like power of g( ) and 

P( )/Q( ), the linear system of m+n+1 equation must be solved to obtain the coefficients in the 

functional form P( )/Q( ) Pade approximation of orders [1/2], [2/3] and [3/4] for  series are 

respectively:  

pade[1/2]:                                   pade[2/3]:                                                   pade[3/4]: 
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Fig.2. Plots of [8/9], [7/8],[6/7],[5/6 ],[4/5], [3/4]and [2/3] of the Pade approximants for  versus  

When we form the ratios [8/9], [7/8], [6/7],[5/6], [4/5], [3/4]and [2/3] of the Pade approximants, It can 

be shown, they agreed up to the value =.7. This conclusion is confirmed as is plotted in Figure 2. 

 

Summary 

 

     This is problem of the two-dimensional problem of steady natural convection in a horizontal 

cylinder filled with porous medium due to quadratic volumetric generation. The solution is expanded 

for low Darcy-Rayleigh number and the series extended by means of symbolic calculation up to 18 

terms. Analysis of these expansions allows the exact computation for arbitrarily accuracy up to 50000 

figures. Although the range of the radius of convergence is small but Pade approximation leads our 
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result to be good even for much higher value of the similarity parameter we have found extending 

terms exactly by means of symbolic calculation up to 18th order. Then we tried to make analytic 

continuation by using Pade approximation. In other words, we have solved the nonlinear partial 

differential equation exactly by means of computer and that is a real success. Finally we mention 

recent work of [14] with viscous fluid for micro gap which shows our analytical approach  more 

attractive and successful. 
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